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From Eqs. (9) and (10), we have

(16)

Substituting Eq. (16) into Eq. (14) and integrating its result,
then we finally get /

(17),

For the case of constant thermal properties, the solution of
Eq. (17) becomes

m = 4 T=0.31831(l-\l/)-8-0.57203(1-t)~7

+ 0.24294(1-\l/)-6+ 0.01528 (18)

m = l 7=0.31831 (l-\f/)~2-0.18445(1-t) -/.

+ 0.45217^(1-^)-0.13386 . (19)

The surface temperature histories and internal temperature
distribution which are expressed in closed analytical form are
shown in Figs. 1 and 2, and compared with other available
solutions.1'2'8 The agreement is good in both cases and all of
the curve no distinction between the results is evident.

In another special case, the thermal conductivity and heat
capacity are assumed to be a linear function of the tem-
perature

0) (20)

0) (21)

The solution of Eq. (17) becomes

[0.34605(1 + at) + 0.07251a$] [(1 -

(22)

The surface temperature histories for AT? = 4; a- +0.5, 0,
-0.5; and &= +0.5, 0, -0.5 are shown in Fig. 3 and com-
pared with numerical solutions and integral solutions.3 The
agreement was found to be good. It is interesting to note that
the cooling of the semi-infinite body proceeds more slowly in
the case a > 0 and b > 0.

Remarks
For the case of material property variations, both the

thermal conductivity and heat capacity can be expressed in
terms of. power series of variable temperature. The surface
temperature history obtained by the variational embedding
technique is in integral form. However, the solution becomes
closed form for the constant thermal property case. The
results of all considered cases have been presented in
graphical form and comparisons have been made with other
solutions. Agreement was found to be good. From the results
of the analysis, it appears that the present technique is a
simple, fast and straightforward method. In addition to the
accuracy, the variational embedding technique has been
shown to provide a systematic means of deducing the surface
temperature history for one-dimensional nonlinear heat
transfer problems.
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Evaluation of Total Body Heat Transfer
in Hypersonic Flow

Richard L. Baker* and Raymond F. Kramerf
The Aerospace Corporation, El Segundo, California

Introduction

THE purpose of this Note is to provide analytic equations
and calculated numerical results to enable quick and

accurate evaluation of the total heat transfer to a conical body
in a hypersonic flow environment. From such information,
thermal protection system requirements for conical bodies in
hypersonic flowfields can be determined.

Local Heat-Transfer Rates
An expression is needed for the total integrated heat

transfer in hypersonic flow environments as a function of
appropriate flowfield, body scale, and body geometry
parameters. First, an expression is required for the local heat-
transfer coefficient. In Refs. 1 and 2, the boundary-layer
integral momentum equation is solved, and Reynolds analogy
and a compressibility transformation are applied to obtain the
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following expressions for the local heat-transfer coefficient:
Laminar

H = qL/PeueH0

Turbulent
CH = qT/peueH0

t/s

(la)

(Ib)

These expressions have been found to agree very closely with
experimental data at high supersonic Mach numbers3 and at
moderate hypersonic Mach numbers.4

If the following nondimensional quantities are defined

Pe=Pe/Po> r=r/rB

(2)

then the local heat-transfer coefficient expressions become

a)

b)
"0.1 1 10

Fig. 1 /^ vs T for sphere cones.

(Po(2H0)"rB

n / ( n
(3)

where for laminar flow C7 =0.332, « = 1 and for turbulent
flow Cj =0.0288, n = VA . In Eqs. (2), subscripts e and 0 refer
to boundary-layer edge and stagnation conditions, respec-
tively. Also, rB and L are the base radius and length,
respectively.

Integrated Heat-Transfer Expressions
An integration must now be performed over the surface

area to obtain the total heat-transfer rate dQ/dt.

dQ/dt=( ( qdS=2-K\S qrds

This yields, upon substitution from Eqs. (1) and (2),

(4)

(5)

The hypersonic approximations V2//0 « V^ and Po/P*
= (7+1)7(7-1) have been made in obtaining Eq. (5). When
Eq. (3) is substituted into Eq. (5), the resulting equation may
be integrated5 easily to obtain

dQ/dt
(6)

where a shock-layer Reynolds number and heat-transfer
integral are given by

(7)

(8)

Substituting the appropriate values for C1 and «, we obtain
Laminar:

(9a)

(1) - 5°, T - 0.1
(2) - 109,

(3)-20°, T . i.3_ r(4) - 30°, T - 2

a) Minimum IX cones for
various cone half-angles

Sphere-cones with constant
thickness ratio, T • 1.3

(11) T - 0.2\

-(5). 5°
-(6). 10°
=(7), 20°
-(8), 30

(10) r - 0;5\ (9) T • 1X-(9) T •

c) Sphere-cylinders
Fig. 2 Parametric shape variation.
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b> TURBULENT T = d/L
Fig. 3 IQ vs 7 for sphere cones and flat-face cones.
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Turbulent: the total heat-transfer must increase or dQu/dt>

-1/5

(9b)

Evaluation of Heat-Transfer Integrals
The total nondimensional heat -transfer rates given by Eqs.

(9) can be interpreted as representing the fraction of the in-
tercepted freestream total energy flux which is transferred as
heat to the body. These equations are applicable for all body
shapes. However, the heat-transfer integral IQ depends upon
the shape contour of the body. The evaluation of IQ involves
computation of the local pressure pe at each position on the
body since, in terms of the normalized pressure pe=pe/p0>
pep,e is given by

Pete = = l(y' '1 (10)

Also, when an isentropic expansion is assumed, the local
velocity ue can be written in terms of pe as

ue = ue (11)

Thus, IQ is a function of the specific heat ratio 7, the tem-
perature exponent in the viscosity law o>, and the body
geometry (7 = 1.2, w =-1.0. in this work).

The pressure distributions were obtained from numerical
inviscid flowfield calculation procedures.6'8 Calculations were
carried out for cone half-angles Oc of 30, 20, 10, 5 and 0 deg.
Results of the computations for these geometries were then
used to evaluate the integrand of Eq. (8) along the body. The
/^ and /£ for each cone half-angle and a range of thickness
ratio, r = d/L, were evaluated.

Parametric Variation of Ifa for Sphere Cones
Calculated values of /^ as a function of r for laminar flow

over sphere cones are shown for various cone half-angles in
Fig. la. For each cone half-angle greater than zero, the curves
of Ij^ vs r pass through a minimum. The minimum /^
decreases as 0C decreases. To illustrate the effects of cone half-
angle and thickness ratio on the total heat-transfer rate,
consider the cones represented by the circles in Fig. Ib, i.e.,
selected points on Fig. la.

Each of the • symbols represents the minimum in the curve
of I*Q vs r for a particular cone half-angle. Shown in Fig. 2a
are Four cones, having a constant base radius and with cone
half-angles, thickness ratios, and bluntness ratios
corresponding to points 1-4. Since the base radius rB is
constant, the intercepted freestream total energy flux is
constant. However, the fraction of this flux transferred as
heat to the body decreases monotonically as the cone half-
angle andjhickness ratio decrease: thus, dQ4/dt>dQj/dt>
dQ2/dt>dQj/dt.

The o symbols in Fig. Ib represent cones having a constant
thickness ratio of 1.3. These cones are illustrated in Fig. 2b.
The 20 deg cone, represented by point 7, has the lowest heat-
transfer rate. The 5 and 10 deg cones (points 5 and 6) have
higher heat-transfer rates because of larger areas associated
with the high heat-transfer nose cap.. However, the 30 deg
cone (point 8) has the highest heat-transfer rate because of the
high conical pressure on the cone surface. Thus, for these
cones, dQ8/dt>dQ5/dt>dQ6/dt>dQ7/dt.

The behavior of IQ vs r for a sphere cylinder can now be
understood by considering Fig. 2c and the « symbols in Fig.
Ib. In Fig. 2c, bodies 9 and 10 may be considered parts of
body 11. Therefore, going from body 9 to 10 and then to 11,

Calculated IQ for Sphere Cones and Flat-Face Cones
Numerical values of IQ for sphere cones and flat-face cones

are shown for laminar and turbulent flow in Figs. 3a and 3b,
respectively. In general, for r>2, (/gW^econe <(7g) sphere cone
and for r<2, (IQ)nat.face cone>(IQ) Sphere Cone- F°r r>2» the

maximum increase in IQ for a sphere cone compared to a flat-
face cone having the same r is about 50%. For r<2, the flat-
face cone' IQ values are 5-30% greater than the sphere cone
values. The reasons for this comparative behavior are directly
related to the surface pressure distributions. The relatively
low heat-transfer rates on a flat face and very low local
pressures on the forward frustum part of a flat-face cone
account for an IQ less than that for a sphere cone with the
same thickness ratio. However, as r decreases, higher flat-face
cone local pressure values on the mid and rearward frustum
eventually result in (/Q)fiat-faCe cone becoming greater than
' 6 * sphere cone'

Summary
Beginning with the hypersonic convective heat-transfer

expressions for laminar and turbulent flow given by Vaglio-
Laurin,1'2 equations for the total heat transfer to a body in a
hypersonic flow environment have been derived.9 When these
equations are used together with the graphical results
presented, total heat transfer to selected conical body
geometries can be calculated directly. The total heat transfer
is given as a function of freestream parameters, body scale,
and heat-transfer integrals which are functions of the body
geometry. Inviscid numerical calculation methods for surface
pressure distributions were used to evaluate the laminar and
turbulent heat-transfer integrals /£ and IT

Q for 0, 5, 10, 20,
and 30 deg sphere cones and flat-face cones.
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